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the greater its effect on model parameters. That makes 
the far end of a long-tailed distribution less trustworthy 
than we would like it to be.

The left-hand end of this kind of distribution is also 
somewhat troubled, as we can see from the confidence 
intervals in Appendix A. Many of these confidence in-
tervals tend to be wide on the left, which also happens 
to be a region of relatively few accidents. The very lowest 
TFH bin is often not far removed from the very tallest, 
in which case a small d shift in the curve to the right 
or left, can accompany a large change in the amplitude 
parameter A, and/or a large shift in a and/or b. All this 
goes to show that highly sloped frequency distributions 
can sometimes be represented by a multiplicity of pretty 
good models which, nonetheless, may vary widely in pa-
rameter estimates, which differ most in their predictions 
at extreme values of x.

Therefore, as stated previously, we are prudent to put 
our greatest faith in the middle TFH ranges for these 
models, perhaps in the 50-5,000 TFH range. Fortunately, 
that is the range most interesting to most of us under 
most circumstances, because it captures the vast majority 
of accidents.

DISCUSSION

Figure 8a shows a frequency histogram commonly 
seen in general aviation (GA) accident analysis, namely 
accident count as a function of pilots’ total flight hours 
(TFH). A modeling function would be useful to smooth 
the noise in such data, allowing investigators to better 
predict how likely pilots of a given experience level are to 
be involved in accidents. This would be useful, for instance, 
in allocating resources for pilot training or mentoring, 
and as the basis for a statistical covariate of flight risk.

In this report we tested a number of candidate mod-
eling functions on eight samples of NTSB GA data 
encompassing the years 1983-2011. Appendix A shows 
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Figure 8. Frequency histograms of GA fatal accident count (y-axis) with a) untransformed, and b) natural log (ln)-
transformed x-axis (which eventually proved essential to successful data-fitting).

that the gamma, log-normal, and Weibull probability 
density functions were all able to fit such data, given x-axis 
data bins 100 TFH wide. Estimates of goodness-of-fit 
(R2) ranged from .86-.99 (good-to-excellent) and did 
not differ significantly across those three model classes.

Log-transformation of TFH proved critical to the 
success of these data-fits. Untransformed TFH (e.g., Fig. 
7a) frequently led to catastrophic fit-failure.

The raw data exhibited an extremely long right-hand 
tail, due in part to pilot aging and dropout, but also to 
the confound of relatively few pilots having large num-
bers of commercial FH rolled into their GA TFH. The 
log-transform (Fig. 8b) effectively compressed this “long 
tail,” allowing successful data-fit.

Although log-normal and Weibull functions appeared 
capable of fitting these data, there is some pragmatic 
advantage to using a gamma pdf (Equation 3). A gamma 
pdf allows estimation of confidence intervals around the 
fitting function itself (.95CI, Fig. 8b). The width of these 
confidence intervals, of course, is both a function of the 
sample size and inherent noise in the data.

Due to the nature of the data, it may be advisable to 
place the greatest prediction confidence in a middle range 
of TFH, perhaps from 50-5,000. Fortunately, that is also 
the range that captures the vast majority of all GA pilots.

Because more than one function class seems capable 
of fitting these data, no simple theoretical claims can 
be made about causation. Causation certainly involves 
multiple processes, some perhaps embodying sums of 
independent exponential decay processes (gamma), 
“failure rate” processes (Weibull), and multiplicative 
random processes (log-normal). Theorizing is hampered 
by a host of factors, such as the confounding of relatively 
safer commercially logged flight hours counted as TFH, 
the dropout of non-instrument-rated pilots to become 
instrument-rated, and that some phases of flight are more 
dangerous than others, meaning that flight risk is not 
merely linearly proportional to time spent aloft.
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Therefore, the goal of the current effort is largely 
atheoretical, being merely to show that such data can be 
modeled. With some care, GA accident frequencies can be 
predicted from TFH, given data parsed by a) pilot instru-
ment rating and b) seriousness of accident. Goodness-of-fit 
(R2) tended to be excellent for non-instrument-rated pilot 
data and good for instrument-rated data. Estimates of 
median TFH were derived for each dataset, which will 
be useful to aviation policy makers.
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APPENDIX A

	 Comparing data fits for the eight datasets of Table 1. The x-axis represents TFH, the y-axis is accident 
frequency count. Dashed vertical lines show x̃TFH, the median value of TFH dividing the area under the modeling 
curve area in half. A .95CI brackets each gamma pdf. The first row of models has a linear x-axis, the second row 
has a ln(x)-axis, which allows easier inspection of data fits between model classes.

Model Class
	 Gamma	 Log-Normal	 Weibull
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npilots=1823 R2=0.994 xT̃FH=340 npilots=1823 R2=0.994 x̃TFH=340 npilots=1823 R2=0.993 xT̃FH=334 
 Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper
A  776.3 765.8   786.8 A  777.1 766.9   787.4 A  782.0 767.2   796.9 
     7.789     5.996       9.572      1.230     1.118       1.343      1.721     1.646       1.795 
     0.286     0.253       0.319      0.228     0.204       0.250      1.431     1.376       1.486 
     2.821     2.559       3.085      1.533     1.151      1.915      3.786     3.746       3.826 
r      0.9968     0.9965       0.9971 

 

r      0.9969     0.9966       0.9972 r      0.9964     0.9960       0.9967
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npilots=831 R2=0.940 xT̃FH=1135 npilots=831 R2=0.942 x̃TFH=1142 npilots=831 R2=0.923 xT̃FH=1131
Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper

A    92.30   88.87   95.73 A    91.57   88.35     94.79 A    95.33   89.58   101.1 
     4.902     3.189     6.616      0.500     0.360       0.640      2.217     1.819       2.614 
     0.311     0.252     0.369      0.389     0.336       0.442      1.636     1.311       1.962 
     5.011     4.730     5.291      4.787     4.552       5.022      5.011     4.656       5.365 
r      0.9694     0.9650     0.9732 

 

r      0.9706     0.9664       0.9743 r      0.9607     0.9551       0.9656 
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 Gamma Log-Normal Weibull 
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npilots=1051 R2=0.994 xT̃FH=312 npilots=1051 R2=0.994 xT̃FH=313 npilots=1051 R2=0.994 xT̃FH=307 
Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper

A  472.4 465.5   479.2 A  472.4 465.6    479.2 A  475.8 466.6    485.0 
     8.322     6.163     10.48      1.266     1.133        1.398      1.746     1.667        1.825 
     0.271     0.236       0.306      0.216     0.189        0.243      1.418     1.361        1.475 
     2.776     2.476       3.077      1.396     0.930        1.861      3.780     3.738        3.822 
rA    0.9968     0.9964       0.9972 

 

rA     0.9968     0.9964        0.9972 rA     0.9968     0.9964        0.9972
AThe equality of values for r=0.9968 across distributions here is simply a coincidence. 
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npilots=362 R2=0.932 xT̃FH=1067 npilots=362 R2=0.931 xT̃FH=1063 npilots=362 R2=0.931 xT̃FH=1064
Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper

A    42.12   39.85     44.38 A    42.36   40.07      44.65 A    42.35   39.61      45.09 
   10.33     2.150     18.51      1.226     0.765        1.687      2.397     1.878        2.916 
     0.208     0.126       0.289      0.193     0.109        0.277      1.644     1.260        2.028 
     4.357     3.449       5.266      3.023     1.434        4.611      5.011     4.600        5.421 
r      0.9653     0.9575       0.9717 

 

r      0.9651     0.9572        0.9715 r      0.9650     0.9571        0.9715
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 Gamma Log-Normal Weibull 
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npilots=571 R2=0.983 xT̃FH=421 npilots=571 R2=0.982 xT̃FH=421 npilots=571 R2=0.982 xT̃FH=424 
Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper

A  219.7 213.5   226.0 A 219.7 213.5    225.9 A  231.2 207.5    218.9 
    17.94     5.006     30.87      1.611     1.305        1.916      2.083     1.855        2.309 
     0.216     0.141       0.290      0.179     0.128        0.230      1.921     1.704        2.138 
     1.203     0       2.695      0   -1.534        1.534      3.422     3.207        3.636 
r      0.9914     0.9899       0.9927 

 

r       0.9912     0.9896        0.9925 r      0.9912     0.9896        0.9925
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npilots=465 R2=0.946 xT̃FH=1241 npilots=465 R2=0.947 xT̃FH=1212 npilots=465 R2=0.948 xT̃FH=1218
Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper

A     54.03   51.70     56.37 A   55.87   53.41      58.34 A    55.15   52.87      57.43 
    14.27   4.592     23.96      1.840     1.351        2.330      2.380     2.099        2.660 
     0.218     0.146       0.289      0.132     0.071        0.193      2.027     1.775        2.279 
     3.288     2.148       4.429      0    -3.104        3.105      4.568     4.303        4.833 
r      0.9726     0.9672       0.9771 

 

r       0.9732     0.9679        0.9776 r      0.9736     0.9684        0.9779
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 Gamma Log-Normal Weibull 

2000-2011 non-instrument-rated serious 

50 150 250 350 450 550 650 750 850 950 1050 1550 2050 2550
TFH0

10

20

30

40

50

Count

50 150 250 350 450 550 650 750 850 950 1050 1550 2050 2550
TFH0

10

20

30

40

50

Count

50 150 250 350 450 550 650 750 850 950 1050 1550 2050 2550
TFH0

10

20

30

40

50

Count

2 4 6 8
Log�TFH �0

10

20

30

40

50

Count

2 4 6 8
Log�FH�0

10

20

30

40

50

Count

4 5 6 7 8 9
Log�FH�0

10

20

30

40

50

Count

npilots=328 R2=0.967 xT̃FH=455 npilots=328 R2=0.964 xT̃FH=456 npilots=328 R2=0.968 xT̃FH=455 
Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper

A    113.9 109.2   118.7 A 113.9 109.1    118.7 A  112.2 107.6    116.8 
    32.82    -4.546     70.19      1.637     1.258        2.016      2.635     2.188        3.081 
     0.158     0.071       0.246      0.172     0.110        0.234      2.396     1.972        2.821 
     0    -3.082       3.082      0    -1.947        1.947      3.066     2.635        3.497 
r      0.9831     0.9791       0.9864 

 

r       0.9817     0.9773        0.9853 r      0.9841     0.9803        0.9872
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npilots=164 R2=0.864 xT̃FH=1010 npilots=164 R2=0.862 xT̃FH=992 npilots=164 R2=0.872 xT̃FH=1024
Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper  Parameter .95CIlower .95CIupper

A   24.78  22.97     26.59 A   26.11   23.58      28.64 A    24.00   22.67      25.33 
    5.383    1.285       9.482      1.786     0.841        2.731      1.547     1.390        1.703 
    0.376    0.233       0.518      0.152     0.021        0.283      1.396     1.282        1.509 
    4.115    3.248       4.982      0    -5.711        5.711      4.936     4.851        5.022 
r      0.9295    0.9051       0.9477 

 

r       0.9283     0.9035        0.9468 r      0.9336     0.9106        0.9508
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APPENDIX B 

 Estimates for the gamma pdf’s parameters  and  can be calculated using the method of 
moments. The expected value (mean, or first population moment) of the gamma pdf is 

)(xE  (16) 
while the second population moment is 

  22 1)(  xE  (17) 

 From our data, we can estimate the first moment as 
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and the second moment as 
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where the binned data have been shifted to start at zero by subtracting the x-value of the first bin from all 
others.
 Letting 

1m  (20) 
and   2

21 m   (21) 
we can solve for  and  as 
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 Now, using these estimates for  and , plus the expected x-value for the mode (xMo) of the pdf, 

  1Mo  (24) 

plus ymax, the maximum observed y-value in the data, the amplitude term (A) can be estimated as 
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